Introduction
The growth model developed by Ramsey (1928) and later refined by Cass (1965) and Koopmans (1968) , is one of the most famous theoretical models in modern macroeconomics. There is a long list of papers studying this model. Only under some special hypotheses is possible to derive an explicit solution for this model. Among the most important contributions to this field we cite here the papers of Kurz (1968) , Barro et al. (1995) , Wälde (2005) , under the hypothesis of the constant saving rate and Mehlum (2005) who has provided a closed-form solution for the case of a Leontieff technology. Smith (2006) provides an explicit solution using Gaussian hypergeometric functions, under the hypothesis that capital's share is equal to the reciprocal of the intertemporal elasticity of substitution. This hypothesis was also considered by Guerrini (2010) in a list of successive published papers. More recently, Naz, Mahomed and Chaudhry (2014) develop a partial Hamiltonian framework to obtain reductions and closed-form solutions via first integrals of current value Hamiltonian systems of ordinary differential equations.
The starting point of our approach is the paper of Smith (2006) , and the main aim of our paper is to improve some of his results. Smith proved that under the hypotheses σ=β and the constancy of c/k, given the initial capital stock k0 there is a unique value of initial percapita consumption c0 that will satisfy the transversality condition.
As it is well-known, Cass proves that for any starting value of k0, an initial value c0 can be chosen in such a way that the path starting from these values and satisfying the optimality conditions asymptotically approaches to the steady-state equilibrium. We prove in our paper more than this. If σ≠β and the ratio c/k is not constant, then the economy described by the Ramsey model reaches the unique steady-state equilibrium for any starting value of c0, but the economy needs different periods of time to reach this equilibrium. We also prove that, if σ≠β and the ratio c/k is constant for all t≥ 0, then the system starts at the steady-state equilibrium.
The outline of the paper is as follows. The first section is this introduction. In the second section we give a succinct description of the Ramsey model, in the third section we present our main result and finally some conclusions. 
The Model of Ramsey
subject to:
is the elasticity of output with respect to physical capital, represents an efficiency parameter, is the rate of depreciation, is a positive discount factor, represents the constant elasticity of intertemporal substitution and throughout this paper we suppose that σ≠β. k(t) is the physical capital and c(t) is the real consumption. (2) give the resources constraints and initial value k0 = k(0) > 0 for the state variables k(t). Of course, the state variable and the control variable are both functions of time, but when no confusions are possible, we simply write k and c.
In this model c(t) is the control variable and k(t) is the state variable. The equations
To solve the problem (1) subject to (2), we define the Hamiltonian function:
The boundary conditions include the initial value k0 and the transversality condition: lim → ( ) ( ) = 0. In an optimal program the control variable is chosen so as to maximize H. We note that along the optimal path, λ is a function of t only. The necessary first order conditions for c to be an optimal control are:
These equations, together with the two boundary conditions, the initial condition and transversality condition, constitute the dynamic system which drives the economy over time. 
Uniqueness and Indeterminacy
In order to proof our main result, we need the following preliminary result.
Lemma 1 Under the hypothesis σ≠β, for every real ε > 0, there exists a finite * > 0 such that for all > * ,
Theorem 1 Under the hypothesis σ≠β, the system (3) has the following solution
that is asymptotically convergent to the unique steady-state equilibrium, for any starting value of c0, where In order to solve the system, we denote by = to obtain the following linear differential equation:
whose solution is given by
Under the above notations we obtain the following solution for k.
Substituting this result into the second equation of the system (3) we obtain the following differential equation
Observe now that the function:
has the following property: ( ) = (1 − ) ( ) and therefore we can write In order to prove the transversality condition, using the Lemma 1 we can write
and thus, the transversality condition is satisfied for any starting value of . Indeed we have:
What we need now is to prove that and this limit equals * only if
Now it is clear that the system reaches the unique steady-state equilibrium for any starting point c0. As we can see from the above relation, for different starting values of c0, the system reaches the same steady-state equilibrium, but it needs different periods of time, and thus the proof is completed.
The next proposition gives our second result and tries to shed some light on the results obtained by Smith.
Proposition 1 Let us consider the system (3) which drives the economy over time.
1. If ≠ and c(t) /k(t) = ξ for all t ≥ 0, then the system (3) has the following solution:
( ) = * and ( ) = *
2. If = and c(t) /k(t) = ξ for all all t ≥ 0, then the system (3) has the Smith solution.
Proof of Proposition 1. If c(t) /k(t) = ξ for all t ≥ 0, then ( ) = and (0) = 0 and consequently, the solutions (5) and (6) The transversality condition for these solutions is satisfied for any starting value of c0. Indeed we have:
What we need now is to prove that and because ≠ it follows that = * and consequently = * .
Let us now consider the second case. In order to better understand some of the results presented below, when examining the equations developed by Smith, we use his notations. 
We prove here that the use of these functions is not necessary to obtain this solution. Let us start with equations (11) and (12) presented at page (5) of Smith paper. As he proved in the appendix, by using the hypergeometric functions, the constant of integration A must be equal to zero. In fact, this condition can be immediately obtained from equation (11). The solution x(t) presented in equation (11) whose solution is given by (8) and thus the proof is completed.
Conclusions
The main aim of this paper was to improve some results obtained by Smith. We provide a closed-form solution for the Ramsey model and prove that a unique steady-state equilibrium always exists, under the hypotheses that ≠ and the non-constancy of the ratio c/k. Our approach also clarifies why different starting values of per-capita consumption generates the same steady-state equilibrium, but of different periods of time. Our approach also clarifies some of previous result obtained by other authors as for example Luca Guerrini. Of course, further research is necessary in order to better understand the dynamics of Ramsey model, especially along the transitional period.
